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Abstract 


In this paper, we investigate some new characterizations in the algebraic nature of neutrosophic submodule defined over a 
classical module using single valued neutrosophic set. We additionally characterized the neutrosophic point and determined 
the algebraic properties of neutrosophic point using the operations defined on neutrosophic submodule. Finley we examined 
a neutrosophic set as a generator of a neutrosophic submodule and derived some related concepts. 
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1 Introduction 


A fuzzy set represents vague concepts and contexts expressed in natural language by means of graded mem- 
bership of elements in [0,1] which is introduced by Lotfi A. Zadeh in 1965 [14,25]. In 1986, Attanassov put 
forward intuitionistic fuzzy set hypothesis as a delineation of a set in which every segment is corresponding 
with a participation grades and non enrollment [3]. In 1995, Smarandache outlined neutrosophic set in which 
each element of a set is represented by three differing types of membership values and objective is to narrow the 
gap between the vague, ambiguous and inexact real world situations [5—7, 23]. Neutrosophic set theory gives a 
thorough scientific stage in which wispy and uncertain hypothetical phenomena can be managed by hierarchal 
membership of components. 

The algebraic structure in pure mathematics cloning with uncertainty has been studied by some authors. 
In 1971, Azriel Rosenfield bestowed a seminal paper on fuzzy subgroup and W.J. Liu developed the idea of 
fuzzy normal subgroup and fuzzy subring. Consolidating neutrosophic set hypothesis with algebraic structures 
is a rising pattern in the region of mathematical research. In 2011, Isaac.P, P.PJohn [12] recognized some 
algebraic nature of intuitionistic fuzzy submodule of a classical module. Neutrosophic algebraical structures 
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and its properties provide us a solid mathematical foundation to clarify connected scientific ideas in designing, 
information mining and economics. In this paper we discuss about the generators of a neutrosophic submodule 
and some related results. 


2 Preliminaries 


Definition 2.1. [2] Let R be a commutative ring with unity. A module M over R, denoted as Mp is an abelian 
group with a law of composition written ‘+’and a scalar multiplication R x M — M, written (r,v) ~» rv, that 
satisfy these axioms 


l. lv=v 

2. (rs)v =r(sv) 

3. (r+s)v=rv+sv 

4. r(v+v)=rv4+n/’! Vrs € Rand vv eM. 


Definition 2.2. [2] A submodule N of Mp is a nonempty subset of Mp that is closed under addition and scalar 
multiplication. 


Definition 2.3. [21,24] A neutrosophic set P of the universal set X (NS(X )) is defined as 


P={(n,tp(n),ip(n),fe(n)) > eX} 


where tp, ip, fp : X —> (~0,1*). The three components tp,ip and fp represent membership value (Percentage of 
truth), indeterminacy (Percentage of indeterminacy) and non membership value (Percentage of falsity) respec- 
tively. These components are functions of non standard unit interval (~0,1*) [18]. 


Remark 2.1. [10,21] If the components of a neutrosophic set P, tp, ip, fp : X — [0, 1], then P is known as single 
valued neutrosophic set(SVNS). 


Remark 2.2. In this paper, we discuss about the algebraic structure Mp-module with underlying set as SVNS. 
For simplicity SVNS will be called neutrosophic set. 


Remark 2.3. U* denotes the set of all neutrosophic subset of X or neutrosophic power set of X. 


Definition 2.4. [17,21,22] Let P, Q € U*. Then P is contained in Q, denoted as P C Q if and only if P(N) < 
Q(n) Vn € X, this means that 


tp(n) <to(n), ip(n) <io(n), fe(n) = fo(n), Vn ex 


Definition 2.5. [13, 19,21] The complement of P = {(x,tp(x),ip(x), fe(x) :x € X} € U* is denoted by P© and 
defined as P© = {x, fp(x), 1 —ip(x),tp(x) :x € X}. 


Remark 2.4. (P©)© = P where P € U* 
Definition 2.6. [8, 13,21] Let R Q € U* 
1. The union C = {7),tc(1),ic(N), fe(n) : n € X} of P and Q [17] is denoted by C= PUQ where 


tc(N) =tp(n) Vto(n) 


ic(n) = ip(n) Vig(n) 
fe(n) = fe(n) A fo(n) 
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2. The intersection C = {7),tc(1),ic(N), fe(n) :n € X} of P and Q [17] is denoted by C= PQ where 
(1) =tp(n) Ato(n) 
ic() = ie(m) Aion) 
fc(n) = fe(n) v fo(m) 


Definition 2.7. [17,22]For any P = {(1,tp(n),ip(n), fe(n)) :n € X} € U%, the support P* of P can be defined 
as 


ic(N 


P* = {n €X,tp(n) > 0,ip(n) > 0, fe(n) < 1} 


Definition 2.8. [1,16] Let P= {(1,tp(n),ip(7), fp(1)) : 1 € R} be an NS(R). Then P is called a neutrosophic 
ideal of R if it satisfies the following conditions V 7,0 ER 


1. tp(n — 8) > tp(n) Atp(@) 
2. ip(n — 8) = ip(N) Aip(@) 
3. fe(n — 8) < fe(n) V fe(@) 
4. tp(N@) > te(n) V tp(O) 
S. ip(n@) = ip(n) V ip(@) 
6. fe(n®) < fe(n) A fe(@) 
Remark 2.4. We denote the set of all neutrosophic ideals of R by U(R) 


3 Neutrosophic submodule 


Definition 3.1. [8,9] A neutrosophic subset P € U™® is called a neutrosophic submodule of Mg if 
1. tp(0) = 1, ip(0) = 1, fp(0) = 


2. tp(n + 8) > tp(n) Atp(@) 
ip(n + 8) > ip(n) Aip(@) 
fe(n +9) < fe(n) V fe(@), for alln,@ in Mr 


3. tp(yn) 2 te(n) 
ip(yn) = ip(n) 
fe(yn) < fe(n), for all n in Mr, forall yinR 


Remark 3.1. We denote neutrosophic submodules over Me using single valued neutrosophic set by U(M). 


Remark 3.2. If P € U(M), then the neutrosophic components of P can be denoted as (tp(1),ip(1), fe(n)) Vn € 
Mr. 


Definition 3.2. [8] A neutrosophic subset yP = {1),typ(1), iyp(1), fyp(N) : 1 © Mr, YE R} of Mr where P € UM 
defined as follows 

typ(1) = V {tp(0) :0 © Mr,n = ye} 

iyp(N) = V{ip(@) : @ € Mr,n = yO} 

Fye(n) = Mt fr(8) : 8 © Mr,n = 79} 
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Proposition 3.1. Let P = {7,tp(),ie(n), fe(n);n € Mr} © U™®, then typ(yn) > tp(1), iye(yn) > p(n) and 
f(y) < fr(n). 


Proof. We have 
typ(yn) = V{tp(9) : 8 € Mr, yn = YO} > te(n),Vn © Mr 


Similarly iyp(yn) > ip(1) . Also 


fye(yn) = A{fe(@) : 8 © Mr, yn = YO} < fe(n),V 1 © Mr 


Definition 3.3. [8] Let P= {17,tp(n),ip(n), fe(n);n € Mr} € UM, then 


—P = {n,t_p(n),i-e(n), f-p(n);n € Mr} © 


where 


t_p(N) = te(—), i-p(n) =ie(—n), f-e(n) = fe(—n), Vn © Mr 
Proposition 3.2. [8] If P= {n,tp(n),ip(n), fe(n);n € Mr} € U™®, then 1.P = P and (—1)P=—P 


Theorem 3.1. [8] Let P ¢ U™8, then P € U(M) if and only if the following properties are satisfied n,0 € 
Mr, y,B ER 
i) tp(0) = 1 ,ip(0) = 1, fp(0) =0 


ii) tp(yn + B®) > te(n) Atp(8), ip(yn + B®) > ip(n) Aip(®), fe(yn + B®) < fe(n) V fre() 
Theorem 3.2. Let P € U(M). Then P* is a neutrosophic submodule of Mr. 


Proof. Given P € U(M) and P* = {n € Mr,tp(n) > 0,ip(n) > 0, fe(7) < 1}. Let 7,0 © P*. Then 


tp(N) > 0,ip(n) > 0,fe(n) <1 
tp(@) > 0,ip(@) > 0, fp(@) <1 


To prove that yn +B@ € P* where y,B ER 
= to prove that tp(yn + BO) > 0, ip(yn + BO) >0, fe(yn+B@) <1 
Now 


> te(yn) A te(B@) 
> tp(N) Atr(@) 
>0 


tp(yn + B@) 


In the same way, we can prove the other two inequalities. Hence the proof. 


Definition 3.4. Let P;, i ¢ J be an arbitrary non empty family of U”®, then 


L. Nie P= {0-2 (Ms ine BM) MiP (NM) > 1 © Mr} where 
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2. Ges P= {0 tU,-,2 (Ms ty... 2 (1) fu,-,2 (1) > 1 © Mr} where 


iUje) P(N) = NV in(1) 


Proposition 3.3. Let P;, i € J be an arbitrary non empty family of U8, then y(Uj-yP;) = Uies (YP) for YER 


Proof. Consider YUj<7 Pi = {1 ,tyU,-)P(1)s ty, 2 (1) fru; 2 (1) 2 © Mr, YER} 
Now 


ties B() = V{tUj. (8) : 8 © Mr, = 8} 
= Viv tr, (8) :0 © Mr,n = ye} 
= Nite) 
= tics 7 (11) 


Similarly lyUses P; (n) = Wie) YP; (n ) 
Now 


Fier PM) = MfuiesP (9) = 8 © Mr,n = 0} 
= MA fe(8) :0 © Mr,n = yO} 
= yp.(1) 
= fuji P(N) 


Hence y(Ujcy Pi) = Uies(YPi) for YER 
Theorem 3.3. Let P,, i € J be an arbitrary non empty family of U(M), then ();-;P; € U(M) 
Proof. We have jes Pi = {N5t9,.,P.(M)sinic PM) Arie P(M) : 1 © Mp} and 
frysn(0) = Afr (0) = 1 
iran (0) = Ain (0) =1 
Frias P:(9) = NAP (0) =0 
Now 
iis (YN + BO) = Ate(yn +B8) 
2 Ate (1) Ate,()) 
= [Asal Aa in(®) 
= thigh: (M) Ate, P:(8) 


in the same way we can derive 
inj P(N a 0) 2 in, (1) Nin, P:(9) 
Fics P(N ag 0) = Fine (1) V Aries (9) 


Hence ();<,;P; € U(M) 
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Definition 3.5. [20] Let P,Q EU Mr then the sum 


P+Q={n,tr+o(n),te+o(N),tpro(n) 7 € Mr} © UM 


defined as follows 
tp+o(N) = V{tp(0) Ato(e In =04+0,0,0 © Mr} 


ip+9(N) = V {ip(@) Aig(b |n =0+0,0,0 € Mr} 
feso(n) = Mt fr(9) V fa(8)|n = 8 + 0,0, 0 © Mr} 


Definition 3.6. Let P,, i € J be an arbitrary family of U(M) where P; = {7,tp(n), ie (7), fe(n):n € M} for 
eachi € J. Then 


wr Ae 


P=; tral ); ipa(n). foam): 7 © Mr} 


ied 
where 

tya(n) =V{Ate(m):m € Me, Yin =n} Vn € Mr 

ics ic] 

iy p(x) = on m1 © Mr, nm =n} Vn € Me 

ies U ics 

Syn =A{ N Femi ): 7: € Mr, Yi ni =n} Vn € Mp 
ies 


where, in )' ;, at most finitely n; 4 0. 
ied 


Theorem 3.4. [f P,Q © U(M), thenP+Q€U(M) 
Proof. It is enough to prove P + Q satisfies the properties listed below Vn, @ € Mr, y,B ER 
1. tp+9(0) = 1,ip+e(0) = 1, fe+o(0) = 0. 


2. ta+e(Yn + B@) = tro(N) Ate+o(9), ipro(yn + B®) = ip+o(N) Nip+o(9), 
fare(yn + B®) < frro(n) V fp+o(®) 


From the definition 3.5, property | is obvious because P,Q € U(M). 
Consider 


tpxo(n) Atp+o(8) = \/ {te(m) Ato(n2) :n = 11+ M2} A\ {tp(O1) Ato(@) : 8 = 0 +} 
< \V/{tp(ym) Ato(yn2) : yn = ym + YN2} A \/{tp(BO1) Ato(BO) : BO = BO, + BO} 
= \V{lte(ym) Ate(B41)] A to(yn2) Ato(B4)] : yn = ym + N2,BO = BO + BO} 
< \/{tp(ymi + B61) Ato(yn2 + B62) : yn + BO = ym + BO, +yN2 + BO} 
< tp+o(yn + B@) where yn + BO = ¥(m +12) + B(O1 + &) V 1,12, 61,02 € Mr 


Similarly, ip+g(yn + B®) = ip+o(N) Aip+o(9), fe+o(yn + B®) < fr+o(n) A fr+o(9) 
=> P+E€U(M). 


Corollary 3.4.1. Let P,, i € J be a family of neutrosophic submodules of an Mr. Then YP; € U(M). 
ies 


Definition 3.7. For any 7 € X, the neutrosophic point N {nj is defined as 
Ney (s) = {Sst 94m) IM qh) 7s EX} 


where 


~ . f(1,1,0) n= 
Rai= {oon n#és 
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Remark 3.3. Let X be a non empty set. The neutrosophic point Neo} in X is defined as Neo} (x) = 
{sti Noy Noy) : x € X} where 


2 (1,1,0) x=0 
N yo} (x) = 
(0,0,1) x40 
Theorem 3.5. Let P € U(M). P = Ni, = P* = {0} 
Proof. If P = Noy, and P* = {n € Mr,tp(n) > 0,ie(n) > 0, fe(n) < 1} = {0}. 


Conversely, if P* = {0} = tp(0) > 0,ip(0) > 0, fe(7) <1 and tp(7n) =0, ip(n) =O and fp(n) =1Vn £0. 
Therefore 


_J0,1,0) n=0  . 
r= {ea nzo 


4 Neutrosophic Submodule Generated by Neutrosophic Set 


In this section we study about the U(M) of Mr generated by single valued neutrosophic set defined over a 
classical module . 


Definition 4.1. Let p = {1,tp(n),ip(n), fe(n) :n € Mr} € U™. Then the U(M) of Mr generated by neutro- 
sophic set P can be denoted and defined as 


(P) =M{Q|PCO:QEU(M)} 
Remark 4.1. If Q = (P), then P is called generator of Q. 


Theorem 4.1. Let P; = {(1,te (1), in. (7), fe (nm) :i€ J, 1 © Mr} be an arbitrary non empty family of NS(Mr). 
Then (UiesPi) = Lies Fi 
Proof. By a corollary 3.4.1,we can write 

VP = {ntya(n)iye(n),foa(n):n € Mr} € U(M) 

ic] ied ied ied 


where, for all n in Mr 
typ (n) =V{Ate(m) :m © Me, Yoni =n} 


ied ic] 


iva(n) =V{ Ain (ni): m © Me.) nm =n} 


ie ie] 
fn(n)=Mv frm) imi © Med ni =n} 
ied 1€ ied 


where, in Vics Ni finitely ni‘s £0 
So we can conclude for all n in Mr 


1. tp (N) <tye7(n),vn € Mr 
ied 

2. in(n) Sipa(n),Vn € Mr 
ied 
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3. f(t) 2 fen(n),¥n € Me 


Hence P; C Vie P;, Vic J. 
Now to prove that )’;-7P; is the least neutrosophic submodule and )';-; P; contains all Ps. 
Let Q = {n,to(N),i0(N), fo(n) : n € Mr} € U(M) and P; C O,Vi € J, which means that 


tp.(N) <to(n), in(n) <ig(n), fe(n) = fo(n) Vie J 


Let 7 € Mr where Yj-7 i = 1) and only finitely n/s 4 0, then 
tyj<)P (1) = V{Aiestp, (Ni) 2 € Mr, )Ni — n} 


icJ 
< V{Aiesto(m) 1: € MY ni =} 
ied 
< V{te() ni): € Me, yoni =n} 
ies ics 
= 19(n) 


In the same way, iy,.,p.(1) < io(N), ff,-,2 (1) = fo(n). 
=> Vics P: C Q . Hence Yjic7P; € U(M) is the smallest one and contains all P's. Therefore )j<, P; is the smallest 
U(M) which contains UjeyP; C Vie P;. Hence (UiesP;) = Yies P; 


Definition 4.2. Let C € U(R) and P € NS(Mp) . Define the operations C © P and C@ P as NS(Ma) as follows 
(n 


1. COP (nN) =(N,tcop(N), icop(N), fcor(N)) Vn € M where 
tcop(N) = V{tc(y) Atp(@): YE R,@ EM, yO = n} 
icop(N) = V{ic(y) Aip(@): YER, 6 €M, yO =n} 


foor(n) =A{fc(Y) V fe(9) : YER, 0 EM, 0 =n} 
2. C@®P (N) =(N,tcer(N),icep(N), fcer(n)) V 1 € M where 


tcwp(N) = V{Nii(te(%) Ate(mi) KERN EM, YN =N,1<i<njneN} 
i=l 


icoa(n) = V{ALa(ic(%) Aia(mi) - HEM EM,Y yn =N,1 <i<nn EN} 
i=1 


foea(n) = MVinUc(%) V falm) (HEY EM, yum = n,l<i<nneEN} 
i=l 
Theorem 4.2. Let P © U™®, then 
1. VyER, Np OP =P 
1l<i<n,nENn 
ty, ,ep(M) = V{Aeate(m) mi EM, YY ni = 


i=1 


ig,,en(1) = V{ALiie(m): m €M,Y) mi = 0} 
i=1 


fier) = MV fe(ni) : ni €Mr.vyy ni =n} 


i=1 
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Proof. (1) The neutrosophic point Ney, for any y € R, is defined as Ney (s) = {Sst EW) Ay ) :¢ ER} 
where 


a — 40,1,0) y=s 
Rin'6)= [too Y#S 


Consider Nj, © P(N) = {(11.ty,. op(M) 49, 0P(1).f¥,,0P(1))} V1 Mr, YE R, we have 


tyop(M) = Vitti, (5) A tp(8) >¢ €R,O © Mr, c0 = n} 
= V{tp(0):8dE€M,y=n} 
= typ(N) 


Similarly we get, iy... sp(M) = ize(M); fy, 0e(0) = fye(M) 
(2) Now consider, for any y€ R,n € Mr, 1 <i<n,neEN 


ty, y@p(M) = V{ Aina (thi (18) Ate(mi) 271 RM EM, Y' Yn = 1} 
i=1 


= V{ALite(ni) 1: € Me, YY ni = 1} 
i=l 


Similarly we get 


n 


in,y@P(M) = V{Ae1ip(mi) 2 1: € Mr.) ni =n} 
i=1 


n 


fier) = MV fe(m) : 1: € Mrs mi = 1} 


i=1 


Theorem 4.3. If P < U(R) and Q € U(M), then P®Q € U(M) 


Proof. From the definition of P® Q, we can write, for alll <i<n,nEN 


tpag(0) = V{ALi (te(%) Ato(ni) : % ER, Ni € Mr, Yin: = 0, } 
i=1 


= 1 when y; =; =0Vi, since tp(0) >tp(y) VyER 


Similarly ipgg(0) = 1 and fpag(0) = 0. 
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Then prove that tpa9(N + 8) > tpeg(N) Atpao(@) for 7,8 € Mr, 1 <i<n,neEN 


tpag(N + 8) = V{ Ani (te(%) Ato(zi): % © Riz MM, Yi zi = 1 + 8} 
i=l 


> V{ALi (te(Gi) Ato(mi + 4): ER, 11,0: MY’ Gn t+ 6) = +0, i} 
i=1 


> V{NL 4 (te(Gi) A (to(mi) Ato(8i))) = ER, 11,6 €M, Y si(ni + 6) = + 8,V i} 


i=1 


= V{Aii1 (tp (Gi) A (to(mi)) A (te (Si) Ato(@)) : 
GER, ni, 0 €M,Y' c(ni+ 6) =n +O} 


i=l 


> V{Aei(tp(Gi) Ato(ni)) :G¢ € RM: € MY Gini = NYA 


i=] 
V{AE1 (tP(Gi) Ato(@:)) : 5: € R, 0; € M,)' 6:8; = 9} 
i=1 


= tpeg(N) Atesg(@) 


Similarly we can prove that ipg9(N + 8) > ipag(N) \ipag(9) 0,8 € M and 


feag(n +8) < feae(n)V froo(®) 1,8 © Mr. 
Now forall 1 <i<n,neEN 


tpag(yn) = V{NL 4 (te(%) Ato(mi)) : % ER, ni € Mr, Y yi = Yn} 


i=1 


> V{Ai-1 (te(YGi) Ato(6;)) : 6 € R, 8; € Mr, Y) :6; = yn }[ when y = 1] 
i=l 


> V{NE 1 (tp(Gi) A tg(@;)) =iGi ER,O;,€ Mr, )_ G8; =n,l<i<nne N} 


i=l 
[ since P € U(R) = tp(ycj) > tp(y) Vte(Gi) > te(si) |] 
= tpeg(N) 


Similarly, ipgo(rN) = ipee(n) and freo(rn) < freo(N). 
Hence P®QEU(M). 


Theorem 4.4. Let P € U™® and corresponding to P, define Q € UM® such that Q = {n,to(n),io(n), fo(n) : 
7 © Mr} where 


ton) = 4. ae 
oe V{Aytp(mi) ? Le wi =, € Mr, ER} otherwise 


io(n) = 4 at 
: V{Azyip(M) Lea Mm = 1, € MY ER} otherwise 


foln)= 4 a 
e ALV_, fe(m) Lea ym = 7,1 € Mr, ER} otherwise 


where 1 <i<n,n€N. Then Q €U(M) and (P) =Q. 
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P(N) Sio(n) and fr(n) = fo(n) Vn € Mr, thenP CQ. 


Proof. From the definition of Q, tp(1) < tg(n), i 
= 0. Let yE R,n € Mp. 


We know tg(0) = 1,i9(0) = 1 and fo(0) 
If yn = 0 then 


to(yn) = 1 >toe(n), io(yn) =1 = ig(n) and fo(yn) =0 < fo(n) 


Suppose yn #0 then n 40 andV1<i<n,neEN 


to(yn) = V{Ai_ite(ni) : © vini = 0, 11 € Me, H ER, } 
i=l 
> V{ALate(ni): ¥ ysini = yn, Ni € Mp, si € R} 
i=l 
> V{ALyte(ni): YY, sini = 7, 11 € Mr, Gi € R} 
i=] 


> V{ALjte(ni): ¥ sini = 7,0; € Mr, 6 € R} 
i=l 


(wheny = 1) 
=te(n) 


In the same way we can show that ig(yn) > ig(n) and fo(yn) < fo(n) 
Suppose 7,9 andn+040,V1<i<n,ne€N, then 


to(n +60) = V{Ai_jta(zi) : >; Vz = 1+ 6,z; € Mr,7; € R} 
i=l 


> V{ NL ite(zi) = + 91, v(m + OF) = +0, 71,6; © MH ER} 
i=1 


> V{(Azite(mi)) A (Aite(@)) zi = m+, emi t+ LO 48 = 11+ 8, 
i=l i=1 
ni, 9; € Mp, 7; a 


> V{(ALite(n ): Lam = nome Me eR} 


V{ (AL tp(@ ): = 0,8 MH ER} 


= to() Ato(8) 


Similarly, ig(7 + 8) > ig(n) Aig(9) and fo(n + 8) < fo(n) V fol). 
=> QEU(M)andPCQ. 
Now consider S = {17,ts(7),is(7), fs(7) : 7 € Mr} € U(M) and which contains P. Now to prove that Q C S. 
From the assumption, P CS, 
=> 


tp(N) <ts(1), tp(N) <is(n) Pnd fe(n) = fs(n). 
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Now forall l <i<n,nEN 
to(n) = V{ALite(m): 2 mi =, € Mr, % € R} 
i=l 
< V{ALats(ni): ¥ yni = 7,71 € Mr, ¥; € R} 
i=l 


[we know ts(1) =ts(Y) yini) = Nats(vini) > Aats(mi) > ts(n) < V(ALits(1)))] 
i=] 


< ts(1) 


We can derive in the same pattern, ig(7) < is(m) and fo(n) > fs(n). = Q@CC. Thus we can conclude 
(P) =@. 


5 Conclusion 


Neutrosophic submodule is one of the generalizations of a classical algebraic structure, module. The study 
of neutrosophic submodule give extra promptitude to the classic algebraic structures rather than fuzzy or intu- 
itionistic fuzzy sets because of the investigation of three different level graded functions of each element in (0, 1]. 
This paper has developed a method to identify generator of U(M) and derived algebraic results with the help 
of some algebraic operators as neutrosophic sets. This work are often extended to the generators of arbitrary 
nonempty family of neutrosophic submodules and structure preserving properties like isomorphism of neutro- 
sophic submodules. Neutrosophic submodules provide us a solid mathematical foundation to clarify connected 
scientific ideas in image processing, control theory and economic science. 
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